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The influence of the noncommutativity on the average speed of a relativistic electron interacting
with a uniform magnetic field within the minimum evolution time is investigated. We find that it
is possible for the wave packet of the electron to travel faster than the speed of light in vacuum
because of the noncommutativity.
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I. INTRODUCTION
The time of a quantum system evolving from an initial
state to the orthogonal final state is of great importance
in the field of quantum computation, quantum control
and quantum metrology. In fact, it has attracted atten-
tion for a long time [1]. It is proven in Refs. [2] that
the minimum time Tmin for a quantum system starting
from an initial state to an orthogonal final state is given
by Tmin =
pi~
2∆E , in which ∆E is the energy variance,
defined by ∆E =
√
〈ψ|H2|ψ〉 − 〈ψ|H |ψ〉2, with H being
the Hamiltonian of the system. However, a somewhat dif-
ferent result is presented in Ref. [3]. The authors of this
paper show that the minimum time is determined by the
average energy E¯ = 〈ψ|H |ψ〉. They show that the mini-
mum time for the quantum system evolving from an ini-
tial state to the orthogonal one is Tmin =
pi~
2(E¯−E0) , where
E0 is the lowest energy of the state which participates in
the superposition. Evidently, the results of Ref. [2] and
[3] will be equivalent if the condition ∆E = E¯−E0 is sat-
isfied. This condition can be satisfied by superposing two
steady states homogeneously. According to the results in
Refs. [2, 3], one naturally assumes that the minimum
time should be given by Tmin = Max{ pi~2∆E , pi~2(E¯−E0)}
[4]. A unified bound which contains both ∆E and E¯ is
considered [5].
An interesting connection between the speed of the
quantum state evolving in Hilbert space and the speed of
the electron wave packet traveling in spatial space is con-
structed in a recent paper [6]. In this paper, the authors
choose a relativistic quantum mechanical model, namely,
a relativistic electron interacting with a uniform mag-
netic field. The authors find that the average speed of
the electron wave packet moving in the radial direction
during the interval in which the quantum state evolv-
ing from an initial state to the orthogonal final state in
Hilbert space is less than the speed of light in vacuum,
regardless of the intensity of the magnetic field one ap-
plies. It seems that Lorentz invariance is not violated in
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this relativistic quantum mechanical model. Lorentz in-
variance would be violated in the non-relativistic limit of
this model since the average speed of the electron wave
packet in the radial direction exceeded the speed of light
in the vacuum provided the intensity of the magnetic field
is strong enough.
On the other hand, the noncommutativity has at-
tracted much attention due to superstring theories in the
past years [7–10]. There are tremendous papers study-
ing quantum field theories in noncommutative space [11–
16]. Non-relativistic noncommutative quantum mechan-
ics, such as noncommutative harmonic oscillator, non-
commutative Landau problem have also been studied ex-
tensively [17–23]. The relativistic quantum mechanical
models on noncommutative space are also investigated
since the work of [24]. Interestingly, it is found that the
noncommutativity even has a profound relationship with
JC model in quantum optics context [25]. Some geomet-
rical phases in noncommutative relativistic quantum the-
ory are studied Refs. [26–28] recently. In Ref. [29], the
authors show that due to the noncommutativity, Lorentz
invariance will be violated in the noncommutative quan-
tum electro-dynamics (QED) since the electromagnetic
wave travels in different speed along different directions
at the presence of a background magnetic field. A sim-
ilar result is also obtained in Ref. [30]. The work of
[29, 30] may afford a possible method to detect the spatial
noncommutativity via the Michelson-Morley-type exper-
iment. From the quantum point of view electromagnetic
field is photons, which is massless. An interesting ques-
tion is: does a massive particle can travel faster than light
in vacuum due to the noncommutativity? In Refs. [31–
33], the authors consider this question semi-classically
from both noncommutative and gravitational points of
view. In this paper, we will consider this question quan-
tum mechanically.
It is well-known that Dirac equation is one of the
successful relativistic quantum mechanics theories which
describes spin- 12 particles. It accommodates the quan-
tum mechanics and the special relativity perfectly. The
achievements of Dirac equation are various, including the
fine structure of the Hydrogen atoms, the prediction of
anti-particles. It also affords a natural description of elec-
2tron spin. Because of these, the authors of Ref. [6] con-
nect the evolution of the internal states which are deter-
mined by Dirac equation and the spatial motion of the
electron wave packet to test whether Lorentz invariance is
violated. In this paper, we shall investigate the noncom-
mutative corrections of Ref. [6], i.e., we shall investigate
whether the speed of electrons can exceed the speed of
light in vacuum because of the noncommutativity.
The organization of the present paper is as follows: in
the next section, we shall start our studies from analysing
the two-dimensional case. We shall show that the speed
of the wave packet of an electron can exceed the speed
of light in vacuum provided the intensity of the mag-
netic field is strong enough. Then, in the section III, we
generalize our studies to the three-dimension case. We
find that for a specific noncommutative configuration,
the similar conclusions can also be obtained in three-
dimensional case. Some conclusions and remarks will be
given in the last section.
II. TWO-DIMENSIONAL CASE
It is well known that Dirac equation describes relativis-
tic spin- 12 particles. It can be written in the Schrodinger
equation form
i~
∂ψ
∂t
= Hψ, (1)
in which ψ is a four-component wave function ψ =
(ψ1, ψ2, ψ3, ψ4)
T , H is the Hamiltonian. It is given
by 1
H = cαIpI +mc
2β (2)
wherem is the rest mass, αI , β are Dirac matrices. They
satisfy the following anti-commutation relations
{αI , αJ} = 2δIJ , {α, β} = 0. (3)
The Dirac matrices αI , β can be realized by the Pauli
matrices and the 2× 2 identity matrix I, i.e.,
αI =
(
0 σI
σI 0
)
, β =
(
I 0
0 −I
)
.
In two dimensional space, the Dirac matrices αI and β
are simplified to the Pauli matrices, i.e., α1 = σ1, α2 =
σ2 and β = σ3. The wave function reduces to a two-
component one ψ = (φ, χ)T . Thus, the Hamiltonian of
Dirac equation in two-dimensional space is
H = cσipi +mc
2σ3. (4)
1 The summation convention is applied in this paper and the cap-
ital Latin Letters I, J, K run from 1 to 3 while the lowercase
i, j run from 1 to 2.
In the presence of a magnetic field, the coupling between
the electric charge and the magnetic field should be in-
troduced by the minimal substitution
pi → pi + eAi
in the Hamiltonian (4) with e being the absolute value
of electron charge. Thus, the Dirac equation reduces to
the form
i~
∂
∂t
(
φ
χ
)
= H
(
φ
χ
)
, (5)
where the Hamiltonian (4) becomes
H = cσi(pi + eAi) +mc
2σ3. (6)
The explicit expression of Hamiltonian (4) is
H =
(
H11 H12
H21 H22
)
(7)
where
H11 = −H22 = mc2,
H12 = H
∗
21 = c(p1 − ip2) + ec(A1 − iA2). (8)
Thus, the eigenvalue equation Hψ = Eψ turns out to be
(E −mc2)φ = c[p1 − ip2 + e(A1 − iA2)]χ,
(E +mc2)χ = c[p1 + ip2 + e(A1 + iA2)]φ. (9)
Obviously, φ is the larger component while χ is the
smaller one since it will tend to zero if the non-relativistic
limit E = mc2 + ε (ǫ≪ mc2) is taken.
In the two-dimensional case, the noncommutative
phase space is described by the algebraic relations 2 [35]
[xˆi, xˆj ] = iθij , [pˆi, pˆj ] = iηij , [xˆi, pˆj] = i~effδij ,
(10)
where θij = θǫij , ηij = ηǫij , ~eff = (1 +
θη
4~2 )~ with
ǫij being the 2-dimensional anti-symmetric tensor, θ and
η being two real parameters. It is assumed that both
of these two parameters are small. The upper bound
of these two parameters is estimated in some literatures
[35].
In the general description of noncommutative quantum
mechanics, it is assumed that the dynamical equations
take the same form as their commutative counterparts,
however, variables in Hamiltonian are replaced by the
corresponding noncommutative ones. Therefore, Dirac
equation in noncommutative phase space (10) takes the
same form as in (5) except for the variables in Hamilto-
nian (6) are replaced by the noncommutative variables
which satisfied (10).
2 We only consider the noncommutativities among coordinates and
momenta so as to guaranteeing the unitarity.
3We choose the symmetric gauge [36]
Aˆi = −B
2
ǫij xˆj
and map the noncommutative variables onto the commu-
tative ones which satisfy the standard Heisenberg algebra
[xi, xj ] = [pi, pj ] = 0, [xi, pj ] = i~δij . (11)
It is straightforward to check that the map from the non-
commutative variables onto the commutative ones can be
realized by
xˆi = xi − θ
2~
ǫijpj , pˆi = pi +
η
2~
ǫijxj . (12)
In terms of commutative variables (xi, pi), we rewrite
the equation (9) as
(E −mc2)φ = c[(1− eθB
4~
)(p1 − ip2)
+i(
η
2~
− eB
2
)(x1 − ix2)]χ (13)
(E +mc2)χ = c[(1− eθB
4~
)(p1 + ip2)
−i( η
2~
− eB
2
)(x1 + ix2)]φ. (14)
Multiplying (E + mc2) on both sides of equation (13)
from left, we get
(E2 −m2c4)φ = c2
[
(1− eθB
4~
)2p2i + (
η
2~
− eB
2
)2x2i
−2( η
2~
− eB
2
)(1− eθB
4~
)(Lz + ~)
]
φ.(15)
Up to a constant, the bracket on the right-hand side of
the above equation is proportional to the Hamiltonian of
a two-dimensional harmonic oscillator with a rotational
term. The effective mass and the frequency are
M =
m
(1− eθB4~ )2
, (16)
Ω =
1
m
∣∣(1− eθB
4~
)(
eB
2
− η
2~
)
∣∣. (17)
The eigenvalues and eigenfunctions of the equation
(15) can be solved directly. They are 3[34]
En,ml = ±
√
m2c4 + 2mc2~Ω(n+ml + 2) (18)
and
φn,ml(r, ϕ) =
(−1)
n−|ml|
2 (n−|ml|2 )!√
π(n+|ml|2 )!(
n−|ml|
2 )!
(19)
×α(αr)|ml|L|ml|
(
n−|ml|
2
)
(α2r2)e−
1
2
α2r2eimlϕ.
3 We only consider the positive energy sector in this paper.
In which n, ml take values n = 0, 1, 2, · · · ,ml = −n,−n+
2, · · · , n−2, n, L|ml|
(
n−|ml|
2
)
is the generalized Laguerre poly-
nomials, α is a dimensionless parameter. It is defined by
α =
√
MΩ
~
. The smaller component of the eigenfunction
is determined by (14) once the larger component is ob-
tained.
We shall prepare a specific superposition state for fur-
ther discussions. In order to make a comparison with
its commutative counterpart [6], we shall superpose two
steady states. We choose the larger components of these
two steady states as φ0,0 and φ2,0 respectively. Then,
after a direct calculation, we find the corresponding two
smaller components. They are
χ0,0 =
2ic~α(1− eθB4~ )φ1,1
E0,0 +mc2
,
χ2,0 =
2
√
2ic~α(1− eθB4~ )φ3,1
E2,0 +mc2
. (20)
Thus, two steady states which we shall superpose are
Φ0,0(r, ϕ, t) = N0,0
(
φ0,0
2ic~α(1− eθB
4~
)φ1,1
E0,0+mc2
)
e−i
E0,0
~
t (21)
and
Φ2,0(r, ϕ, t) = N2,0
(
φ2,0
2
√
2ic~α(1− eθB
4~
)φ3,1
E2,0+mc2
)
e−i
E2,0
~
t,
(22)
with N0,0 and N2,0 being two normalization constants
N0,0 =
E0,0 +mc
2√
(E0,0 +mc2)2 + 4~2c2α2(1 − eθB4~ )2
,
N2,0 =
E2,0 +mc
2√
(E2,0 +mc2)2 + 8~2c2α2(1 − eθB4~ )2
. (23)
For the sake of avoiding the ambiguity of whether the
minimum time is determined by the energy variance ∆E
or the average energy E¯, we superpose two eigenfunctions
(21, 22) homogeneously. Thus, the superposition state
we prepared is
Ψ(r, ϕ, t) =
1√
2
(
Φ0,0(r, ϕ, t) + Φ2,0(r, ϕ, t)
)
. (24)
We consider the extreme case B → ∞ [6]. It means
that the magnetic field is strong enough so one can ne-
glect the rest energy mc2. In this case, the eigenvalues
E0,0 and E2,0 as well as normalization constant (23) re-
duce to
E0,0 = 2~cα
∣∣1− eθB
4~
∣∣, E2,0 = 2√2~cα∣∣1− eθB
4~
∣∣ (25)
and
N0,0 = N2,0 =
1√
2
. (26)
4Now, we are ready to calculate the minimum time for
the state (24) evolving from the initial state Ψ(r, ϕ, 0)
to the orthogonal final one Ψ(r, ϕ, Tmin). Substituting
the eigenvalues (25) into Tmin =
pi~
2(E¯−E0) , we get the
minimum time. It is
Tmin =
π~
E¯ − E0,0
=
π
2(
√
2− 1)cα∣∣1− eθB4~ ∣∣ . (27)
The displacement of the wave packet moving in the ra-
dial direction during this period of time can be obtained
by substituting the wave functions (24) into the expres-
sion
∣∣∆r∣∣ = ∣∣∣∣〈Ψ(Tmin)|r|Ψ(Tmin)〉 − 〈Ψ(0)|r|Ψ(0)〉
∣∣∣∣
=
∣∣∣∣〈Ψ0,0|r|Ψ2,0〉[cos(Ω′Tmin)− 1]
∣∣∣∣, (28)
where Ω′ = E2,0−E0,0
~
= 2(
√
2 − 1)cα
∣∣1 − eθB4~ ∣∣. After
some calculations, we arrive at
∆r =
√
π
4α
(1 +
3
2
√
2
). (29)
Thus, the average speed of the wave packet during the
interval Tmin is
v¯ =
∆r
Tmin
=
√
2 + 1
4
√
2π
∣∣1− eθB
4~
∣∣c .= 0.2407∣∣1− eθB
4~
∣∣c.(30)
In view of (30), we find that our result differs the one
in Ref. [6]. In our result, there is an extra factor
∣∣1− eθB4~ ∣∣
which is introduced by the noncommutativity. It is this
factor that enables the the average speed of the wave
packet of the electrons to exceed the speed of light in
vacuum provided the intensity of the magnetic field is
strong enough.
III. THREE-DIMENSIONAL CASE
In this section, we shall generalize our studies in pre-
vious section to three-dimensional case.
For the 3-dimensional case, the noncommutative alge-
braic relation is [37]
[xˆI , xˆJ ] = iθIJ , [pˆI , pˆJ ] = iηIJ ,
[xˆI , pˆJ ] = i~(δIJ +
θIKηJK
4~2
), (31)
in which
θIJ = ǫIJKθK , ηIJ = ǫIJKηK , (32)
with ǫIJK being the Levi-Civita symbol. For future pur-
pose, we map the noncommutative variables xˆI , pˆI onto
commutative ones by the relation
xˆI = xI − θIJ
2~
pJ , pˆI = pI +
ηIJ
2~
xJ . (33)
The Dirac equation in 3-dimensional space takes the
same form as (5). However, the components φ and χ are
two-component spinors, i.e.,
φ =
(
ψ1
ψ2
)
, χ =
(
ψ3
ψ4
)
, (34)
and the Hamiltonian (6) becomes
H = cαI(pˆI + eAˆI) +mc
2β. (35)
The eigenvalue equation Hψ = Eψ reduces to the form
(E −mc2)φ = cσI(pˆI + eAˆI)χ, (36)
(E +mc2)χ = cσI(pˆI + eAˆI)φ. (37)
Similar with the 2-dimensional case, φ is the larger com-
ponent while the component χ is the smaller one. The
dynamical equation of the lager component φ is deter-
mined by
(E2 −m2c4)φ = c2
[
(pˆI + eAˆI)
2 + iǫIJK(
1
2
[pˆI , pˆJ ]
+
1
2
e2[AˆI , AˆJ ] + e[AˆI , pˆJ ])σK
]
φ. (38)
We choose the symmetric gauge,
AˆI =
1
2
ǫIJKBJ xˆK , (39)
and align the direction of the magnetic field along the z-
axis, i.e., Bi = BδI3. Furthermore, we choose a specific
noncommutative configuration
θI = θδI3, ηI = ηδI3 (40)
which is widely applied in the studies of noncommutative
quantum mechanics.
In this specific noncommutative configuration, the map
from the noncommutative variables to the commutative
ones (33) becomes rather simple. It is
xˆi = xi − θ
2~
ǫijpj , pˆi = pi +
η
2~
ǫijxj ,
xˆ3 = x3, pˆ3 = p3. (41)
Then the equations (36, 37, 38) turn out to be
(E −mc2)φ = c[(1− eθB
4~
)σipi
+(
η
2~
− eB
2
)ǫijσixj + σ3p3
]
χ,
(E +mc2)χ = c
[
(1− eθB
4~
)σipi
+(
η
2~
− eB
2
)ǫijσixj + σ3p3
]
φ (42)
and
(E2 −m2c4)φ = c2
[
(1− eθB
4~
)2p2i + p
2
3 + (
η
2~
− eB
2
)2x2i
−2( η
2~
− eB
2
)(1 − eθB
4~
)Lz)
+2~(
eB
2
− η
2~
)(1− eθB
4~
)σ3
]
φ. (43)
5Compared with the 2-dimensional case (15), we find
that besides the free motion in the z direction, there is
an explicit spin-magnetic coupling term. Since there are
no orbit-spin coupling, the structure of the 3-dimensional
case is very similar with the 2-dimensional one. For sim-
plicity, we assume that the initial states have + 12 spin
projection along the z axis (we label it as | ↑〉) and a
Gaussian packet in the same direction [6]
ψ3(z) =
1
(2πd2)1/4
e−z
2/4d2eipz . (44)
The eigenvalues of the above equation can be achieved
easily. The eigenvalues are
En,ml = ±
√
m2c4 + c2p2 + 2mc2~Ω(n+ml + 2), (45)
where Ω has been given in (17).
In order to make a comparison with Ref. [6], we choose
the larger components of two initial states
φ =
(
ψ1
ψ2
)
= φ0,0 ⊗ | ↑〉 and φ =
(
ψ1
ψ2
)
= φ2,0 ⊗ | ↑〉.(46)
The corresponding smaller components can be calculated
by using (42). They are
χ =
(
ψ3
ψ4
)
= χ0,0 ⊗ | ↑〉 and χ =
(
ψ3
ψ4
)
= χ2,0 ⊗ | ↑〉.
(47)
Thus, two steady states we prepared are
Φ0,0 = N0,0


φ0,0
0
cpφ0,0
E0,0+mc2
2i~αc(1− eθB
4~
)φ1,1
E0,0+mc2

ψ3(z)e−i
E0,0t
~ (48)
and
Φ2,0 = N2,0


φ2,0
0
cpφ2,0
E2,0+mc2
2
√
2i~αc(1− eθB
4~
)φ3,1
E2,0+mc2

ψ3(z)e−i
E2,0t
~ , (49)
where
N0,0 =
E0,0 +mc
2√
(E0,0 +mc2)2 + c2p2 + 4~2α2c2(1− eθB4~ )2
(50)
and
N2,0 =
E2,0 +mc
2√
(E2,0 +mc2)2 + c2p2 + 8~2α2c2(1− eθB4~ )2
(51)
are two normalization constants.
Taking the limit of B → ∞, we find that the eigen-
values of the two eigenfunctions and the normalization
constants are
E0,0 = 2
∣∣1− eθB
4~
∣∣αc, E2,0 = 2√2∣∣1− eθB
4~
∣∣αc (52)
and
N0,0 = N2,0 =
1√
2
. (53)
We superpose the two steady states homogeneously as
our initial state
Ψ(r, ϕ, z, t) =
1√
2
[Φ0,0(r, ϕ, z, t) + Φ2,0(r, ϕ, z, t)]. (54)
Then the minimum time for this state evolving from
the initial state Ψ(r, ϕ, z, 0) to the orthogonal state
Ψ(r, ϕ, z, Tmin) can be calculated directly. It is equiva-
lent to the one we get in (27). And the displacement
along the radial direction of the wave packet during this
period time is nothing but the one in (29). Since the
minimum time and the displacement of the wave packet
are all same as the two-dimensional case, we can draw
the conclusion that it is possible for the average speed of
the electron’s wave packet to exceed the speed of light in
vacuum.
IV. CONCLUSIONS AND REMARKS
In this paper, we study the influence of the noncom-
mutativity on the average speed of the wave packet of an
electron along the radial direction, both 2-dimensional
and 3-dimensional cases are investigated. In fact, our
paper is the noncommutative generalization of Ref. [6].
For 3-dimensional case, we choose a specific noncommu-
tative configuration (40) which reduces the 3-dimensional
noncommutative quantum model to a 2-dimensional non-
commutative one and a free motion along the z-direction.
With the help of the exact solutions of the 2-dimensional
model, one can resolve the 3-dimensional case easily. Al-
though the choice of the noncommutative configuration
(40) may lose some generalities, it is enough for our pur-
pose.
We find that due to the noncommutativity, it is possi-
ble for the wave packet of an electron to travel in a speed
faster than light in vacuum provided the intensity of the
magnetic field is strong enough. It obviously conflicts
with the special relativity. Therefore, we find a clear ev-
idence of violating Lorentz invariance in the relativistic
quantum mechanics region.
It should be emphasized that there is a fundamen-
tal difference between our result and the one in Refs.
[29, 30]. In these references, the authors show that be-
cause of the noncommutativity, the speed of the elec-
tromagnetic wave, which is massless from the quantum
point of view, is different from the assumption of special
relativity. Our results show that due to the noncommu-
tativity, even massive particles, namely, electrons, can
travel faster than light in the vacuum. Therefore, besides
the noncommutative QED, we find a clear signature of
violating the special relativity in the quantum mechanics
region due to the noncommutativity.
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